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                Some Sample Probability Questions
   1) A box of screws contains 5% defective screws. How many screws have
   to be chosen at random before there's a greater than 50% chance that
   at least one is defective? (Assume that after pulling several screws
   that the probability of getting a defective one for latter choices
   doesn't change at all. Essentially assume that it's an infinite box of
   screws.)
   An easier question to answer is given that we choose k screws, what is
   the probability that none are defective?
   This is (.95)(.95)…(.95), multiplied exactly k times, since for each
   screw chosen, there is a 95% chance it is not defective. The choice of
   a previous screw does not affect future ones, so we can multiply these
   probabilities.
   It follows that the probability that at least one screw is defective
   out of k chosen ones is 1 – (.95)k.
   Now we must find the minimal positive integer k that satisfies the
   following equation:
   1 – (.95)k > .5
   .5 > (.95)k
   ln (.5) > k(ln (.95))
   k > (ln .5)/(ln .95), since ln .95 < 0
   k > 13.51, so k = 14.
   Thus, if we pull 14 screws, there will be a greater than 50% chance
   that at least one of them is defective.
   2) Three coins are tossed. Two are fair and one is biased so that a
   head is three times more likely than a tail. What is the probability
   of getting two heads and a tail? Given that you got two heads and a
   tail, what is the probability that the biased coin turned out heads?
   Create a probability tree (third coin is the biased one):
   H(.75)
   H(.5) /---------- (.5)(.5)(.75) = 3/16
   ----------* T(.25)
   H(.5) | \---------- (.5)(.5)(.25) = 1/16 *** (HHT)
   ----------* H(.75)
   | | T(.5) /---------- (.5)(.5)(.75) = 3/16 *** (HTH)
   | ----------* T(.25)
   | \----------- (.5)(.5)(.25) = 1/16
   * H(.75)
   | H(.5) /----------- (.5)(.5)(.75) = 3/16 *** (THH)
   | ----------* T(.25)
   | | \----------- (.5)(.5)(.25) = 1/16
   ---------- H(.75)
   T (.5)| /------------ (.5)(.5)(.75) = 3/16
   ----------*
   T(.5) \------------ (.5)(.5)(.25) = 1/16
   P(2H+T) = 1/16 + 3/16 + 3/16 = 7/16
   P(biased=H | 2H+T) = P(biased=H and 2H+T)/P(2H+T)
   = (3/16 + 3/16) / (7/16)
   = 6/7
   3) p(A) = 2/5, p(A | B) = 1/3 and p(B | A) = 1/2. Determine the value
   of p(A  B), p(B) and p(A  B).
   p(A | B) = p(A  B) / p(B) = 1/3
   p(B | A) = p(A  B) / p(A) = 1/2
   Plug in p(A), since it's known: p(A  B) / (2/5) = 1/2, so
   p(A  B) = 1/5.
   Now, plug into the other equation to solve for p(B):
   (1/5) / p(B) = 1/3
   p(B) = 3/5
   Finally, use the inclusion-exclusion principle to determine p(A
    B):
   p(A  B) = p(A) + p(B) - p(A  B)
   = 2/5 + 3/5 - 1/5
   = 4/5
   4) If A and B are independent, with p(A|B) = 1/4 and p(A  B) =
   1/32, what are p(A) and p(B)?
   p(A) = p(A | B) = 1/4, since A and B are independent.
   p(A  B) = p(A)p(B) = 1/32, due to independence
   (1/4)p(B) = 1/32
   p(B) = 1/8
   5) A bag contains 5 white balls and 7 black balls. Two balls are
   chosen at random from the bag (without replacement). What is the
   probability that one is white and the other is black?
   Sample space =  , since we are choosing two items out of 12.
   Of these, we want to count the number of ways of choosing one white
   and one black ball.
   The white ball can be chosen in  ways, while the black ball can
   be chosen in  ways. Thus, the combination can be chosen in
     ways.
   Thus, the desired probability is  .
   Alternatively, a tree diagram can be drawn to solve the problem.
   6) Two machines, A and B, manufacture a particular component. Here is
   the chart showing each machine's effectiveness:
   Machine
   # Components
   Probability Faulty
   A
   2500
   0.04
   B
   1500
   0.05
   If a component is chosen randomly from all of them, what is the
   probability it is faulty? If a component chosen at random is found to
   be faulty, what is the probability that it was produced by machine A?
   There are a total of 4000 components, of which
   2500(.04) + 1500(.05) = 175 are faulty, so the probability of choosing
   a faulty component at random is 175/4000 = 7/160.
   Now, we want the probability that, given a component is faulty, that
   it was produced by machine A. Thus, we simply need the probability
   that a component is faulty AND produced by machine A. There are
   2500(.04) = 100 such components out of the total 4000. Thus, the
   desired probability is
   (1/40) / (7/160) = 4/7.
   It also follows that, given that a component is faulty, the
   probability it was produced by machine B is 1 – 4/7 = 3/7.
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